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Goals of this session

* Explore how Japanese textbooks teach
multiplication and division of fractions
through use of problems and
representations.

* Think about how we can use students’
prior understanding of multiplication and
division to help them understand the
multiplication and division of fractions.



NCTM Focal Points

GRADE 6

 Number and Operations: Developing an
understanding of and fluency with
multiplication and division of fractions
and decimals. Students use the
meanings of fractions, multiplication
and division, and the inverse
relationship between multiplication and
division to make sense of procedures
for multiplying and dividing fractions
and explain why they work.



Singapore’'s Mathematics
Primary Syllabus (2007)

* Although students should become
competent in the various mathematical
skills, over-emphasizing procedural
skills without understanding the
underlying mathematical principles
should be avoided.



Japanese Course of Study (1)

* The meanings of (fraction) x (whole
number) and (fraction) + (whole number)
are explained using the same idea used

in multiplication and division of whole
numbers.

— Elementary School Teaching Guide for the Japanese
Course of Study (2006, www.globaledresources.com)



Japanese Course of Study (2)

(fraction) x (whole number) can be
thought of as the calculation of finding
how much there is altogether given the
size of each unit and the number of units

— Elementary School Teaching Guide for the Japanese
Course of Study (2006, www.globaledresources.com)




Japanese Course of Study (3)

(fraction) + (whole number) can be
explained by partitive division of whole
numbers and by quotative division of
whole numbers

— Elementary School Teaching Guide for the Japanese
Course of Study (2006, www.globaledresources.com)



Meaning of Multiplication (1)

. How many children are on the train altogether?

There are 4 children in each train car, and there
are 3 train cars. So we have |2 children altogether.
You can write this using the following math

sentence.
4X3=12 PR
“Four multiplied by three equals twelve” X
= X 3 = 12
number r.-:E object in number of total nu:rul:ler of

each group groups objects



Meaning of Multiplication (2)

In the multiplication math
sentence 3X9:
3 is called the multiplicand and 3 % i? —

9 is called the multiplier. Muu.pucan.i Multiplier

Multipliers a
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Representing multiplication with a model

(Il Multiplication of 2-digit Number and | -digit Number

‘ i | We bought 3 pieces of 32-yen construction paper.
How much did they cost altogether?
32 > 64 | x3

X_|2
< 30yen v __32Y¥en v goyen-y

—

0 I x5 2 3 (pieces of paper]
> I wounder how
e — X 3 much '1_ I-5 gﬂing
. x | % MNumbers ]r'n:ml - >
Price for | piece | X ™, chi | — [omlince 1o be. % ee

Let’s think about a way to calculate! _: -



There are |15 cookies.
Please divide them ameng
the 3 of you.

b

. 4“’ We divided them into 3 )

\ graups.
- T think I

have less_.

Ml

fWh}f don't you divide‘b

them info 3 evenly? |

Let’s think about what kind of calculations you need to
do when you divide the cookies evenlyl

( Kl Calculating How Many for Each Person

Ly

There are |12 cookies. If 3 people divide them evenly,

how many cookies will one person get?

Partitive
Meaning
of
Division

mid X

“‘equal share”
division



Quotative (measurement) division

C H Calculating for How Many People )

l] There are |2 cookies. If one child gets 3 cookies, how
many children can get cookies?

1 Let's use counters to find the answer.

for | person

Can still pass
Cut moee

for E'}wple

Aill |:l-al':
ok moee

u:w-'hwple

Can still pass
ot moee

for & people
(@00) @99) . 6 @88 () [ |
ot




Fraction x Whole Number

= T T
rlj With |d€ of paint you can .g

paint %m‘ of boards.

How many m* can you

paint with 2d £ of paint? I|
4
. TR
? _ '
Q I X0 » 2 (dd)
1 What kind of math sentence ﬁ-\"

should you write?

Wi Let's think about how to calculate this!



Fraction x Whole Number

LN £
=
M

Nt
£
X
M3

[ @
Answer: | -m
faf

* Related to unitary meaning of fractions

— The numerator tells the number of unit fractions in the
fraction (i.e. 3/5 means 3 one-fifths)

— Therefore, you should multiply the numerator by the
whole number.

— It is the same as multiplying whole numbers (3 x 2)

3 fifths x 2 = 6 fifths



Generalizing the idea of multiplying a
fraction by a whole number

3 9=
5}-“.2—

-
Answer: | 5 11l

®| When you multiply a fraction by a
whole number, keep the denominator  f L

the same and multiply the numerator @ 0w

by the whole number.

B |



Fraction =+ Whole number

‘ 2 I With 3d£ of paint you can

paint EEt m” of boards.

How many m® can you paint
with |d£ of paint?

I What kind of math sentence Ty ‘ ‘
should you write?




Partitive division (missing multiplicand)
_ X3=4/5

‘ 2 I With 3d£ of paint you can

paint EEt m” of boards.

How many m® can you paint
with |d£ of paint?

X 3
1 What kind of math sentence T ‘ ‘
should you write?




Fraction =+ Whole number

a3
Il
!
I

ANSWEeT: |5

« Partitive division
— 4/5 m? divided into 3 equal parts is easier to think about than
the number of 3’s in 4/5.

« Dividing by a whole number affects the denominator

— The size of the unit fraction (or number of parts in the whole)
changed



Generalizing the idea of dividing
a a fraction by a whole number

b .o 4
5 "3 =5xa
_ 4
|5
v 4 3
o 1 2 3 (dd) Answer: |5 m
'¥] When you divide a fraction by a
whole number, keep the numerator & ., e h
the same and multiply the t axc

denominator by the whole number.



Fraction x Fraction
C Kl Multiplying hy-m:unn )

| I With |d{ of paint you can

paint g m” of boards.

How many m’ can you paint
2

with 3 dZ of paint?

0 R

D |

0 £

3
I What kind of math " TF you use 2d8of |
.+ paint, the equah-:m

sentence should you write! "i' . should _I;l‘t
Area that can be Amount you use .-"I-.'I'EEI VoL can |
painted with |d4 * (in d£) : ~ |paint

Mathematics for Elementary School 6A (Tokyo Shoseki) www.globaledresources.com



Creating the double number line model.

With |d{ of paint you can e . -

paint g m’ of boards.

How many m’ can you paint ||

with g d2 of paint?

0 X X 213 4/5
m?2
di
‘- Area that can be Amount use . . Irg_a}rnu can |

painted with 1d¢ |**| (indf)

4/5 x 2/3

F'E]Ilt




e T U T

1" What kind of math If you use 2df of
. paint, the equation
sentence should you write? 7 L shouldbe .
[ Areathatcanbe | Amount you use | _ Area}ruucan.
" |_painted with 1d? | A1 (indf) '~ |paint |

| | f f
@ i multiplier product

Even though thr:- amount used is

multiplicand

expressed as a fraction, to find the

area you can paint, multiply in the

same way as with whole numbers.

B Let's think about how to
calculate this!




Using an area model with number
line to think about the calculation

You can find the area that can be painted with % di

of paint by first finding the area that can be painted

with 5 dé and then multiplving it by 2.

2 How many m’ can you paint with
Sl

.
E':lm-de. :I1‘ info 3
, Tequﬂl parts, and then .




Using an area model with number
line to think about the calculation

3 How many m’ can you paint with

i
d£? . .
3 [T+ 2] %2
o® "‘-u'i'lUlTlFll'r" ThE.ﬂi‘Eﬂ}"ﬂlJ I .
s t with L :
,‘@'I- can paint wi % 1 o
I:u-,rzandrhe.n , 3 3
.r-f]., S
L} i_(i_ )
g X 3 = \5 " 3| X2
_ 4
= BNE
4| X2
- ip— 2

== Answer: m

.5 ::{-.3.-




Generalizing the idea of fraction x fraction

3 How many m’ can you paint with

% de? ,

a2 ';_,:,5 Multiply the area you |
s =) | can paint with é dé

\ by 2, and then . . y
A2 _ (4 .
533‘(5'3)EE
g
~BagH
L
="

®?| When you multiply a fraction
by another fraction, multiply the
bwo denominators together and
the two numerators together.

) I.E +3) x2

| 2 1 (de)
3 3
Answer: m
b d_bXd

1 £ aXrc



Fraction + Fraction
C I Dividing by a Fraction >
II With —Edﬁ of paint you can

paint -E— m” of board.

How many m° can you paint

with |d€ of paint?

:
0

2

2.

> X o )
i

3

=

X 3/4
1" What math sentence ~" ~ » ~ m-—
ehenild we write? T 28 was used to pmn'r 111.

-'rhe: math sentence would :-!
"-_-"‘-_-'-_-I"'-. R N, S, S

':::' i

i

ATed _ - Area that can be
| painted +| Amount used (d£) - pau'u:ed with [d£



Fraction + Fraction
C Kl Dividing by a Fraction )
II With —Edﬁ of paint you can

paint -E—nf of board.

How many m’ can you paint

with |d€ of paint?

o
& == 5 3
- 2 egg o (W)
¢ 3 1 idd)
L +3/4 -
1 What math sentence  —~" v '-.-— - °
ehmild we wiile? IF 28 was used to pmn'r 111. |
-'rhe: math sentence would :-: i
.\"—'f"—-"—-l"‘-.__-\-_-’-.__-'-__._.l'.
Area _ __ | Area that cam be

o prmbes gl e - Fl-i.ll'l]!Ed.'-'r‘lli'LlL[-E



Relating to what was learned before

—, - _ o _ _ ‘ .-_

1 a .
chould we writer (1 248 was used topoint £ © @
Ithe math sentence would be .. .

S oo, R S

- B T TR T .

T - e rianhe
hoimed || Amountused(@) |=| Simadim
E>| | 2/5+3/4

To find the area you can paint with
|d ¥, vou can divide the same way as
with whole numbers even though
the amount is expressed as fraction.

¥a Let's think about how to e
calculate! BT 5 N

0 1 3 |idd
& &

17



Thinking about the calculation of
2/5 + 3/4

You can calculate the area that can be painted with

|d£ by first finding the area that can be painted with
I

4 d{ and then multiplving it by 4.

2 How Imany m’ can Yot pulnt

J_d{g'.l | ............

with

Divide 1'.-1 inta 3
’ E:qunl pnr'rs and then
=y




Thinking about the calculation (2)

3 How many m’ can

you paint with |d£?

- F3) K4
.y ang.'.'.ulﬁpl'r' the area that you xll.. o /

e . i o
@] :jjnpjlﬂTwlTh_q_dEﬂfpﬂ-lﬂT a | 2 3 | (de]
ﬂ:‘[ -_‘__fl:r‘sl-l then . .. o 4 4
1=
2.3 _(2.,)
E'ﬁ_ﬁﬁ'aflxa
_ 2
— 5}{3}{&
2 |%| 4 j
e 1Y ; LS S l d
= _51}{; 3 —[_ | Answer:| |

4  What fraction can you multiply -%— by to get the same 4/3

caleulation as above?



Generalizing the idea of

% When vou divide by a fraction,

iInvert and multiply

5--'5+_|'.5-3.-|Kﬂ

2
5% 3
.'::.;:

—

E

[t 2
————— = | Answer; m
5 - L ]

| X

4  What fraction can you multiply 2 by to get the same

5
caleulation as above?
b, d b :
invert the denominator and the = - fc = = X ;T
numerator of the divisor and b X
then multiply the dividend by
the resulting new fraction.

£
X od

=



Things to think about

 How can we help students use their prior knowledge of
multiplication and division to understand these operations with
fractions?

— It is helpful if the meanings of the factors in the multiplication
sentence are clear.

« Context and representations

— Same context is used in

* Fraction x Whole Number

* Fraction + Whole Number

» Fraction x Fraction

» Fraction + Fraction
— Use of continuous quantities

 Makes more sense in a real world context
— Use of models

* Double number line allows you to use the same model for multiplication
and division



Thank you!

 Bill Jackson
— bjackson@globaledresources.com

« Tad Watanabe

— Tad@aglobaledresources.com

« Helpful web sites
— www.globaledresources.com
— www.singaporemath.com




