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Mathematics Room
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1. Name of the unit: Letters and mathematical expressions

2. Overview of the unit

In this unit, students will learn to use letters in place of numbers and quantities as
appropriate. They will learn to represent relationships and properties among
quantities generally and concisely by using letters. Being able to interpret
mathematical expressions involving letters is an important focus as well. Students
will also develop procedural fluency in manipulating mathematical expressions
appropriately to suite the purposes. It should be kept in mind that students have not
encountered mathematical expressions with letters in elementary schools. Therefore,

its introduction should be approached carefully.

2.1 Goals of the unit

Students will understand the roles of letters in mathematical expressions and be able
to use mathematical expressions with letters appropriately to suite the purposes.
Moreover, students will understand how to calculate mathematical expressions with
letters and be able to perform such calculation.

1. Students will be able to represent various numbers and quantities using
mathematical expressions with letters and interpret the meanings of such
expressions.

2. Students will be able to multiply or divide linear expressions and also add

and subtract linear expressions.

2.2 Relationship to elementary school mathematics

In elementary school, students learn how to represent properties and
relationships of numbers and quantities concisely using math sentences and
mathematical expressions with words by 4™ grade. They also learn to interpret math

sentences and use formulas as appropriate. In 5™ grade, students learn how to
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investigate the relationship among quantities when the relationship is given in a
math sentence. Finally, in 6™ grade, students learn to represent quantitative
relationships in math sentences. However, they do not study mathematical
expressions with letters.

In 7" grade, students will learn how to represent relationships and properties of
numbers and quantities using mathematical expressions with letters. Moreover, they
will learn how to interpret and manipulate such expressions. Through this study,
students are to learn the merits of using letters in mathematical expressions. To help
students overcome their hesitancy toward the use of letters in mathematical
expressions and deepen their understanding gradually, we will approach the idea of
letters as generalized numbers carefully through activities such as substituting

various numbers in formulas or mathematical expressions with words.

3 Students’ current state of learning
Some students are very much interested in mathematics while others feel very weak
in mathematics. Thus, students’ mathematical abilities vary widely. Although we
cannot say that the students actively participate in class discussion, their attitudes

toward mathematics lessons are generally positive.
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4. Textbook
Mathematics, Lower Secondary School Grade 1, New Edition. (Dainippon Tosho)

5.

Materials

Square cards (for display and for students’ individual use)

6. Plan of instruction

Sec. | Topic Lessons | Contents
1. Mathematical 1 * Meanings of mathematical expressions with
expressions with letters letters
* Representing numbers and quantities using
= letters
‘E 2. Conventions on the 1 * How to represent quotients using letters
g | use of letters * Following conventions to write mathematical
& expressions with letters
2. | 3. Representing numbers 1 * Representing numbers and quantities using
gj and quantities using mathematical expressions
o | mathematical expressions
%. 4. Interpreting what 2 * Interpreting what mathematical expressions
2 | mathematical expressions represent
represent Today’s lesson is the 1* of two lessons.
5. Values of 1 * Values of letters and values of mathematical
mathematical expressions expressions and how to calculate them
v | 1. Linear expressions 1 * Meanings of terms, coefficients and linear
A | and their terms expressions
= * Calculation of simple linear expressions
f,: 2. Multiplying linear 1 * Multiplying linear expressions by numbers
o | expressions by numbers
2 3. Dividing linear 1 * Dividing linear expressions by numbers
g? expressions by numbers
S | 4. Addition and 1 * Addition and subtraction of linear expressions
2 | subtraction of linear * Calculation of various linear expressions
S’ | expressions
”? | @ Practices 1
Problems for Chapter 2 1
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8. Previous lessons
As students study mathematical expressions, there are three foci—representing
with mathematical expressions, manipulating mathematical expressions, and
interpreting mathematical expressions. To help students understand that
representing and interpreting mathematical expressions are types of communication
activities, students were given a task which encouraged them to interpret

mathematical expressions geometrically.

Tas
One-centimeter squares were arranged in the manner shown below. Write a mathematical
expression for the perimeter of the figure when there are # layers of squares.

1 layer 2 layers 3 layers

As students engaged in this task, they determined the perimeter of the figures with 1
layer = 2 layers = 3 layers of squares:

1 layer --------- 1x4=4
2 layers --------- 1x8=8
3 layers --------- 1x12=12

From these, students inductively concluded that
n layers --------- 1 x 4n=4n.
To help students understand why in this expression, 4n, the perimeter of the figure is
4 times the number of layers, n, students were encouraged to interpret the situation
geometrically as follows.
By moving the sides of the squares as shown in the figure below, we can see that
the perimeter of the figure is the same as the perimeter of one large square. Since

the length of one side of the large square is the same as the number of layers, », the

<47
<

perimeter of the figure is 4 times of n, or 4n.

9. Goals of this lesson
In today’s lesson, continuing from the previous lesson, students will examine the
relationship between quantities inductively and express this relationship generally

by using mathematical expressions with letters. Furthermore, interpreting the
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mathematical expression will become the focus of the lesson.

Students will be encouraged to represent the relationship they find in geometric
drawings with mathematical expressions, and to relate the drawings and the
mathematical expressions to each other. By making connections between the
manipulation of geometric drawings and the manipulation of mathematical
expressions, students will realize that mathematical expressions represents specific
meanings. Moreover, they will recognize the importance of representing with and
interpreting mathematical expressions, as well as the merits of representing
relationships using mathematical expressions with letters. These are the goals of

this lesson.

10 Flow of the lesson
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Step Purposes Anticipated responses Points of
Time Questions consideration
fntro. * Posethetask || [Task 1] . * Prepare square
T: One-centimeter squares were arranged in the cards and
manner shown below. Write a mathematical actually arrange
expression with letters for the perimeter of the them.
figure when there are n layers of squares. * Encourage Ss to
relate to what
1 layer ] they discussed
in the previous
ﬂ lesson.
2 layers | |
3 layers | |
Develop() | ¢ Understanding * If students cannot
the task S: We are arranging squares systematically. get started, ask
T: Do you them to think
understand what about the problem

the task is asking?
How is this
similar to the
problem we did in
the previous
lesson?

* Solve the
problem

T: How can we

solve this

problem?

T: How can you
represent the
perimeter of the
figure with the
letter n?

S1: Construct a table showing the number of
layers and the perimeter of the figure. From the
table, the pattern between the number of layers
and the perimeter of the figure is identified.

S2: Similar to what they did in the previous day’s
lesson, try to move the sides of the small squares,
as shown below. When the sides are moved, the
sides of the squares that form the figure can be
made into a large rectangle.

Relate to what they did in the previous day’s
lesson.

from the previous
lesson.

* Help them realize
that a table may
be useful to
identify patterns.
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T: How did you
obtain these
expressions?
Please explain
using
mathematical
expressions.

T: Please explain
so that the
relationship
between the
manipulation of
the geometric
figures and the
mathematical
expressions is
clear.

&
AP I P

The length across is:

¢. -| ﬁ

n + n - 1
=2n—1.

The vertical lengths are:

o
<

vy

Therefore, the total length across the figure is,
2x(2n—1)+2n

—2@2n—1)+2n
=4n—-2+2n
=6n-2
Layers 1 2 3 4
Length 4 110 |16 |22
around w
+6 +6

Have students
represent with
mathematical

expressions.

Have students
think about the
relationship
between the
manipulation of
the geometric
figures and the
mathematical
expressions.

S2: Trying to identify the pattern from the table.

S2: Every time the number of layers increases by
1, the perimeter of the figure increases by 6 cm.

Explain this idea using diagrams.
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[

2 squares x 3 sides

a1 3x2)

2 squares x 3 sides
3x2)

The arrangement with # layers will have (n — 1)
more squares with 3 sides each, or 6 cm, than the
first square, 4 cm. The total length around the
figure can be represented with the following
mathematical expression:

4+6(n-1)
=6n-—2.

S3: Trying to identify the pattern from a table.
Layers 1 2 3 4

Length around | 4 10 16 22

I layer 4=1x4

2 layers 10=2x4+2
3layers 16=3x4+4
4 layers 22=4x4+6

Explain this with diagrams.

2 layers
| [T
2x4+2x1
3 layers
i
| | >
3x4+2x2
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Develop 2
20 min.

* Pose the task
T: This time, we
would like to find
the number of
squares when
there are n layers.

* Understand the
task

T: How can we

think about this

problem?

T: How would
you write a
mathematical
expression based
on this table?

4 layers

1N
| ERESIN
4x4 + 2x3
From these, think about n layers.
|

N
nx4+2(m-1)
=4n+2m-1)
=4n+2n-2
=6n—-2

Task 2

Write a mathematical expression that
represents the number of squares in a n-layered
arrangement.

S3 Identify the pattern from a table.

Layers

Squares

S: The number of squares in each layer is:

1 layer

1=1% (squares)

* Have the student
represent the
pattern using a
mathematical
expression.

This lesson plan is originally written in Japanese and translated into English by the Global Education Resources
for the Lesson Study Immersion Program in Japan, June 21- July 5, 2007.
© 2007 Global Education Resources L.L.C. All rights reserved.




2 layers 4= 2 (squares)

3layers 9=3> (squares)

4 layers 16=47  (squares)

So the number of squares when there are n

T: If the number layers must be n’.
of squares in an * Have students
n-layered S: The area of a square with » units on each record in such a
arrangement is n’, side. way that the
what is this correspondence
expression between the
representing? S: (Explains using diagrams below.) manipulation of
2 layers the geometric
T: Let’s think . |:| figures and the
about why we get expressions can
the area of a | | | be easily seen.
square. * Have students
1+2)+1 1 think about
+)1+2 whether or not
242=2x2=2° the explanation
We can make a square by cutting and with diagrams
rearranging . can be
generalized.
3 layers

Note: The method
below can make
|| squares, but it

| | | cannot be
generalized.

(1+2+3)+Q2+1) 2+1

+)1+2+3
3+3+3=3x3=3?

4 layers

| -
(1+2+43+4)+(3+2+1) 3+2+1

H1+2+3+4 [] [

4+4+4+4

=4x4=4 Il
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T: If you write a
mathematical
expression that
shows the number
of squares in each
layer, what will it
look like?

T: Let’s look
back on what we
discussed today.
What can you say
about the merits
of using
mathematical
expressions?

Based on these, we can think about an
n-layered arrangement in this way:

|
(I+2+3+ . +m)+{n—1)+...+2+1

(n=1)+... +2+1
+) 1 +2+3+... +n
n+n+...+n=nxn=n2

S:
1 layer - 1 =1

|

I
2 layers - 1+3 =4=22 man

8

3 layers --—-- 1 +3+5=9=3?

The number of squares in the arrangement is
the sum of odd numbers. When there are n
odd numbers, their sum is n’.

We can represent the lengths in a geometric
figure concisely when we use mathematical
expressions with letters.

We can generalize the relationship between
quantities that change according to a pattern.
We can figure out and understand different
ways of looking at a pattern by interpreting
mathematical expressions.

* Reaffirm that we
can communicate
our ideas by
writing
mathematical
expressions.
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11. Domains of evaluation

Interest, desire, and
attitude toward
mathematics

Mathematical ways
of observing and
thinking

Mathematical
representations and
procedures

Knowledge and
understanding of
numbers, quantities

and geometric figures

* Ss will show their
interest in the
necessity and
merits of using
letters to represent
relationships and
properties of
numbers and
quantities. Ss will
also willingly try to
use and interpret
mathematical
expressions with
letters.

* Ss can extend their
thinking through
conjecturing and
simplifying in the
course of problem
solving.

¢ Ss will be able to

represent
relationships and
properties among
numbers and
quantities in
phenomena using
letters, and think
about them
generally.

Ss will be able to
identify numbers
and quantities from
mathematical
expressions.

Ss will understand
that letters are used
to stand for
numbers, and they
can also consider
an expression as a
number.

Ss will be able to
represent
relationships and
properties among
numbers and
quantities among
phenomena using
mathematical
expressions with
letters, and
interpret
mathematical
expressions.

Ss will understand
that, by using
letters, we can
represent
relationships and
properties among
numbers and
quantities
generally, and we
can also interpret
such relationships
and properties
from mathematical
expressions.

Ss will understand
that mathematical
expressions with
letters represent
the methods of
calculation and
their answers.

Ss will understand
the conventions for
using letters in
mathematical
expressions.
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